
Stat 61 Fall 2015 HW 7 - due Friday, Oct. 30 by 2:00pm

Readings: 8.5, 8.7, 8.8.

1. Suppose X1, . . . , Xn are independent Exp(λ) random variables. For problem 8 on HW 6 you
showed that the MLE for λ is λ̂ = n/

∑
Xi = 1/X̄.

a) Find the Fisher information for λ and the asymptotic variance formula V(λ).

b) The exact sampling distribution for λ̂ is reciprocal Gamma (X̄ follows a Gamma dis-
tribution, so its reciprocal follows a reciprocal Gamma distribution). Assuming n ≥ 3,
find the exact mean E(λ̂) and the exact variance Var(λ̂).

c) Show that the ratios E(λ̂)/λ and Var(λ̂)/V(λ) both converge to 1 in the limit as n→∞.

2. For X1, . . . , Xn
i.i.d.∼ Uniform(0, θ), identify a sufficient statistic for θ.

3. The reflected Exponential distribution (HW 6 problem 9) is defined by the pdf fx(xi) =
exp(−|xi|/σ)/(2σ), for σ > 0.

a) You showed that the MLE for σ is σ̂ =
∑
|Xi|/n. Show that σ̂ is unbiased for σ.

b) Find the Fisher information and the formula for the asymptotic variance of σ̂.

c) Identify a sufficient statistic for σ.

4. Suppose X1, . . . , Xn are independent Poisson(θ) random variables.

a) Show using the factorization theorem (Theorem A in section 8.8) that T (X1, . . . , Xn) =∑
Xi is a sufficient statistic for θ.

b) Show that T (X1, . . . , Xn) =
∑
Xi satisfies the definition of a sufficient statistic:

P (X1 = x1, . . . , Xn = xn |T (X) = t) does not depend on θ.

5. Suppose X1, . . . , Xn
i.i.d.∼ N(µ, σ2), where σ2 is known. Show that T (X1, . . . , Xn) = X̄ satisfies

the definition of a sufficient statistic for µ: fx1,...,x1|t(x1, . . . , xn |T (X) = t) does not depend
on µ.

6. The Pareto distribution is used in economics to model variables with a density function that
tails off as a power law (i.e., much more slowly than for a Normal distribution). The pdf is

fx(x) =
αmα

xα+1
, x > m, m > 0, α > 0.

Consider an independent sample X1, . . . , Xn from a Pareto distribution and assume the lower
bound m is known.

a) Write out the likelihood function for α and identify a sufficient statistic.

b) Find the MLE for α and its approximate distribution for large n.



7. Suppose X1, . . . , Xn
i.i.d.∼ Gamma(α, λ). Use the factorization theorem to show that X̄ and

X̄G = (
∏
Xi)

1/n are sufficient statistics for α and λ. The statistic X̄G is the geometric average
of the Xi’s (log(X̄G) is the average of the logarithms of the Xi’s).

8. A machine may be set to produce rods of a desired diameter, but there is some error. The
mean of the errors is 0, and the standard deviation is known (through much experience with
the machine) to be 0.012 cm. You record the the diameters for n = 9 rods and find an average
value of 0.645cm.

a) Assuming the errors follow a Normal distribution, find a 95% confidence interval for the
mean diameter.

b) What sample size n would you need to have the margin of error less than 0.001 cm?

9. For sample of n independent Bernoulli(θ) random variables, derive the asymptotic variance
of the MLE θ̂. Compare this to the exact variance of the MLE for a finite sample size n.

10. Define θ to be the proportion of Swarthmore students who are left-handed. Imagine taking a
simple random sample of n = 400 Swarthmore students and define Xi = 1 if the ith student
is left-handed, and Xi = 0 otherwise. Suppose we end up with 40 left-handed students in our
sample.

a) If we sampled with replacement, the Xi’s would be independent. Construct an approxi-
mate 95% CI for θ using the conservative method outlined in problem 5c of HW 6.

b) We could also estimate the standard deviation of our sample proportion using the esti-
mate of θ from the data. Show that this results in a narrower CI than what you got in
part a (showing why the conservative method is “conservative”).


